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In this paper, we study the influence of the Aharonov-Casher effect [Y. Aharonov and A. Casher, Phys.
Rev. Lett. 53, 319 (1984).] on the Dirac oscillator in three different scenarios of general relativity: the
Minkowski spacetime, the cosmic string spacetime and the cosmic dislocation spacetime. In this way, we
solve the Dirac equation and obtain the energy levels for bound states and the Dirac spinors for positive-
energy solutions. We show that the relativistic energy levels depend on the Aharonov-Casher geometric
phase. We also discuss the influence of curvature and torsion on the relativistic energy levels and the Dirac
spinors due to the topology of the cosmic string and cosmic dislocation spacetimes.
PACS numbers: 03.65.Pm, 03.65.Ge, 03.65.Vf
Keywords: permanent magnetic dipole moment, Dirac oscillator, Aharonov-Casher effect, topological defect space-
time
∗Electronic address: kbakke@fisica.ufpb.br
†Electronic address: furtado@fisica.ufpb.br
1
I. INTRODUCTION
The significance of the electromagnetic potential in quantum mechanics demonstrated by
Aharonov and Bohm [1] has opened new discussions and discovered interesting quantum effects
[2–5] associated with geometric phases. At present days, geometric phases have been studied in
condensed matter physics [6], holonomic quantum computation [7, 8] and persistent currents in
mesoscopic rings and quantum dots [9–12]. An interesting study of geometric phases was proposed
by Aharonov and Casher [13] for a neutral particle, which is known as the Aharonov-Casher effect.
The Aharonov-Casher effect [13] corresponds to the appearance of a geometric quantum phase in
the wave function of a neutral particle with a permanent magnetic dipole moment interacting with
a radial electric field produced by a uniform linear distribution of electric charges, that is,
φAC =
1
~c
∮ (
~µ× ~E
)
ν
dxν = ±2π
µλ
~c
. (1)
The study of geometric quantum phases for permanent dipole moments has attracted a great
deal of attention in recent decades [14, 15]. The dual effect of the Aharonov-Casher effect corre-
sponds to the arising of a geometric phase from the interaction between a permanent electric dipole
moment and a radial magnetic field which is called the He-McKellar-Wilkens effect [16]. Analo-
gous effects to the Aharonov-Casher effect have been obtained in the noncommutative quantum
mechanics [17], in the Lorentz-symmetry violation background [18], in the presence of topological
defects [19, 20] and in noninertial reference frames [21].
Another interesting relativistic quantum system that has attracted a great deal of attention
recently is the Dirac oscillator [22]. Recent works have shown the impossibility of recovering the
harmonic oscillator Hamiltonian from the nonrelativistic limit of the Dirac equation that describes
the interaction between a relativistic spin-half particle with the harmonic oscillator potential.
This impossibility occurs due to the presence of a quadratic potential [22–24] in the second order
differential equation. Therefore, in order to solve this problem, the relativistic harmonic oscillator
has been investigated recently by introducing scalar and vector potentials which are quadratics in
coordinates [25] and by introducing a new coupling into the Dirac equation [22]. In particular,
the new coupling proposed in Ref. [22] is introduced in such a way that the Dirac equation
remains linear in both spatial coordinates and momenta, and recover the Schro¨dinger equation
for a harmonic oscillator in the nonrelativistic limit of the Dirac equation. This new coupling
introduced into the Dirac equation corresponds to the Dirac oscillator [22], which is given by
~p→ ~p− imωρ βˆ ρˆ, (2)
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where m is the mass of the Dirac neutral particle, ω is the oscillator frequency, βˆ is one of the
standard Dirac matrices, and ρˆ is a unit vector in the radial direction.
Recently, an analogy between the Dirac oscillator and the Jaynes-Cummings model [26] has
been made in Refs. [27, 28] and extended to studies of the Ramsey-interferometry effect [29]. In
Ref. [27], Bermudez et al obtained an exact mapping of the Dirac oscillator onto the Jaynes-
Cummings model describing the interaction of a two-level atom with a quantized single-mode field.
The authors of Ref. [28] investigated, in the limit the strong spin-orbit coupling of the Dirac
oscillator, the entanglement of the spin with the orbital motion is produced in a way similar to
what is observed in the model of the Jaynes-Cummings model. The Dirac oscillator has also been
analyzed in a series of physical systems, such as in the presence of an external magnetic field
[30], in studies of covariance properties [31], in the point of view of the Lie algebra [32], in a
thermal bath [33], in the hidden supersymmetry [31, 34, 35], by using the shape invariant method
[36], conformal invariance properties [37], in the presence of external magnetic fields, under the
influence of noninertial effects [38] and in the presence of the Aharonov-Bohm quantum flux [39–
42]. Furthermore, the Dirac oscillator was investigated by one of us for a system of a charged
particle interacting with a topological defect [43].
The purpose of this paper is to study the influence of the Aharonov-Casher effect [13] on the
Dirac oscillator [22] in three different scenarios of general relativity: the Minkowski spacetime, the
cosmic string spacetime and the cosmic dislocation spacetime. Hence, we solve the Dirac equation
for the Dirac oscillator under the influence of the Aharonov-Casher effect [13] by showing the
dependence of the relativistic energy levels on the Aharonov-Casher geometric phase. We also
discuss the influence of curvature and torsion on the relativistic energy levels due to the topology
of the cosmic string spacetime and the cosmic dislocation spacetime. Finally, for each case, we
obtain the Dirac spinors for positive-energy solutions and discuss the arising of persistent spin
currents [9–12].
The structure of this paper is: in section II, we study the the influence of the Aharonov-Casher
effect [13] on the Dirac oscillator [22] in the Minkowski spacetime; in section III, we discuss the
influence of curvature due to the topology of the cosmic string spacetime on the Dirac oscillator
interacting with the Aharonov-Casher system; in section IV, we discuss the the influence of torsion
due to the topology of the cosmic dislocation spacetime on the Dirac oscillator interacting with the
Aharonov-Casher system; in section V, we discuss some applications by obtaining the persistent
spin currents; in section VI, we present our conclusions.
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II. THE DIRAC OSCILLATOR AND THE RELATIVISTIC AHARONOV-CASHER SYS-
TEM
In this section, we study the influence of the Aharonov-Casher effect [13] on the Dirac oscillator
[22] in the Minkowski spacetime. We begin by introducing the relativistic quantum dynamics of
a neutral particle possessing a permanent magnetic dipole moment interacting with electric and
magnetic fields in the Minkowski spacetime. In the following, we introduce the Dirac oscillator
coupling into the Dirac equation and solve the Dirac equation.
The relativistic quantum dynamics of a neutral particle which describes the relativistic
Aharonov-Casher system [13] is given by the introduction of a nonminimal coupling into the Dirac
equation [14] given by (in Cartesian coordinates)
iγµ ∂µ → iγ
µ ∂µ +
µ
2
Σµν Fµν (x) , (3)
where we consider the units ~ = c = 1 from now on. We have in (3) that µ corresponds to
the magnetic dipole moment of the neutral particle, Fµν (x) corresponds to the electromagnetic
tensor, whose components are defined as F0i = −Fi0 = Ei and Fij = −Fji = −ǫijkB
k, and
Σab = i2
[
γa, γb
]
. The γa matrices correspond to the Dirac matrices in the Minkowski spacetime
[44]:
γ0 = βˆ =

 1 0
0 −1

 ; γi = βˆ αˆi =

 0 σi
−σi 0

 ; Σi =

 σi 0
0 σi

 , (4)
with γaγb + γbγa = −2ηab, ~Σ being the spin vector and σi being the Pauli matrices. The tensor
ηab = diag(− +++) is the Minkowski tensor.
Now, let us introduce the Aharonov-Casher effect [13] and the cylindrical symmetry of this
system. The Aharonov-Casher effect [1] corresponds to the appearance of a geometric quantum
phase in the wave function of a neutral particle given by the interaction between the magnetic dipole
moment of the neutral particle and a radial electric field produced by a linear distribution of electric
charges perpendicular to the plane of motion of the neutral particle, that is, ~E = λρ ρˆ (where ρˆ is a
unit vector on the radial direction, ρ2 = x2+y2 and λ is a linear electric charge distribution along the
z axis). Moreover, by introducing the coupling that describes the Dirac oscillator ~p→ ~p− imωρ βˆ ρˆ
into the nonminimal coupling (3), we can see that the whole system is cylindrically symmetric,
then, we can work with curvilinear coordinates x = ρ cosϕ and y = ρ sinϕ. Thereby, we write the
line element of the Minkowski spacetime in the form:
ds2 = −dt2 + dρ2 + ρ2 dϕ2 + dz2. (5)
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Working with in curvilinear coordinates (both in a background with non-null curvature and
with null curvature), the rules of coordinate transformations of spinors obey the rules established
in general relativity. This means that the spinor representation of the Lorentz group either can
exist or cannot exist under a general coordinate transformation [45, 46]. Therefore, in order to
incorporate spinors into a general relativity scenario, one should use the principle of equivalence
to define locally inertial frames, where the spinor representation of the Lorentz group is given as in
the Minkowski spacetime. In this way, spinors are defined locally by introducing a noncoordinate
basis θˆa = eaµ (x) dx
µ, whose components eaµ (x) are called tetrads and gives rise to the local
reference frame of the observers. The tetrads satisfy the following relation: [45, 47]
gµν (x) = e
a
µ (x) e
b
ν (x) ηab. (6)
The tetrads also have an inverse defined as dxµ = eµa (x) θˆa, where
eaµ (x) e
µ
b (x) = δ
a
b, e
µ
a (x) e
a
ν (x) = δ
µ
ν . (7)
Hence, in curvilinear coordinates (both flat and curved spacetime backgrounds), the relativistic
quantum dynamics of a neutral particle with a permanent magnetic dipole moment interacting
with external fields is not described by the Dirac equation with the introduction of the nonminimal
coupling (3) anymore. Based on the spinor theory in curved spacetime, the nonminimal coupling
(3) plus the coupling describing the Dirac oscillator (2) becomes:
iγµ∇µ → iγ
µ ∂µ + iγ
µ Γµ (x) + i γ
µmωργ0 δρµ +
µ
2
Σµν Fµν (x) , (8)
where ∇µ = ∂µ+Γµ (x) corresponds to the components of the covariant derivative of a spinor, with
Γµ =
i
4 ωµab (x) Σ
ab being the spinorial connection [45, 47], and Σab = i2
[
γa, γb
]
. In the spinor
theory in curved spacetime, the γa matrices are defined in the local reference frame of the observers
and are identical to the Dirac matrices defined in the Minkowski spacetime (4). In this notation,
the indices (a, b, c = 0, 1, 2, 3) indicate the local reference frame, while the indices (µ, ν) indicate
the spacetime indices. Thus, the γµ matrices given in (8) are related to the γa via γµ = eµa (x) γa.
Furthermore, the components of the spinorial connection can be obtained by solving the Cartan
structure equations [47] in the absence of torsion: dθˆa+ ωab θˆ
b = 0, where ωab = ω
a
µ b (x) dx
µ, and
ω aµ b (x) is called connection 1-form. For instance, we can choose the tetrads for the line element
(5) being
θˆ0 = dt; θˆ1 = dρ; θˆ2 = ρ dϕ; θˆ3 = dz; (9)
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By solving the Cartan structure equations in the absence of torsion, we obtain ω 1ϕ 2 (x) =
−ω 2ϕ 1 (x) = −1 and γ
µ Γµ (x) =
γ1
2ρ . Hence, the Dirac equation describing the interaction between
the Dirac oscillator and the Aharonov-Casher system is
mΨ = iγ0
∂Ψ
∂t
+ iγ1
[
∂
∂ρ
+
1
2ρ
+mωργ0
]
Ψ+ i
γ2
ηρ
∂Ψ
∂ϕ
+ iγ3
∂Ψ
∂z
+ iµ~α · ~EΨ− µ~Σ · ~BΨ. (10)
Moreover, by considering the presence of a radial electric field given by ~E = λρ ρˆ and the magnetic
dipole moment being parallel to the z axis, we can rewrite the Dirac equation (10) in terms of the
Aharonov-Casher geometric phase given in (1) in the form:
i
∂Ψ
∂t
= mβˆΨ− iαˆ1
[
∂
∂ρ
+
1
2ρ
+mωρ βˆ
]
− i
αˆ2
ρ
∂Ψ
∂ϕ
− iαˆ3
∂Ψ
∂z
− i
φAC
2πρ
βˆ αˆ1Ψ. (11)
Hence, the solution of the Dirac equation (11) is given in the form:
Ψ = e−iEt

 φ
ξ

 , (12)
where φ and ξ are spinors of two-components. Then, substituting (12) into the Dirac equation
(11), we obtain two coupled equation for φ and ξ, where the first coupled equation is
(E −m)φ = −iσ1
[
∂
∂ρ
+
1
2ρ
+
φAC
2πρ
−mωρ
]
ξ − i
σ2
ρ
∂ξ
∂ϕ
− iσ3
∂ξ
∂z
, (13)
and the second coupled equation is
(E +m) ξ = −iσ1
[
∂
∂ρ
+
1
2ρ
−
φAC
2πρ
+mωρ
]
φ− i
σ2
ρ
∂φ
∂ϕ
− iσ3
∂φ
∂z
. (14)
Eliminating ξ in Eqs. (14) and (13), and by considering the dipole moment of the neutral
particle is parallel to the z axis of the spacetime, we obtain the following second order differential
equation:
(
E2 −m2
)
φ = −
∂2φ
∂ρ2
−
1
ρ
∂φ
∂ρ
−
1
ρ2
∂2φ
∂ϕ2
−
∂2φ
∂z2
+ i
σ3
ρ2
∂φ
∂ϕ
+
1
4ρ2
φ
+ 2iσ3mω
∂φ
∂ϕ
−mωφ−
φAC
2πρ2
φ− 2iσ3
φAC
2πρ2
∂φ
∂ϕ
(15)
+ m2ω2ρ2 φ− 2mω
φAC
2π
φ +
(
φAC
2π
)2 φ
ρ2
.
We can see in (15) that φ is an eigenfunction of the Pauli matrix σ3, whose eigenvalues are
s = ±1, that is, σ3φs = sφs, where φs = (φ+ φ−)
T . We also note that the z-component of
the total angular momentum Jˆz = −i∂ϕ [48] and the z-component of the momentum pˆz = −i∂z
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commute with the Hamiltonian of the equation (15). In that way, we can write the solutions of
the equation (15) in the terms of the eigenvalues of the operators pˆz = −i∂z, and Jˆz = −i∂ϕ [78]:
φs (ρ, ϕ, z) = C e
i(l+ 12)ϕ eikz Rs (ρ) , (16)
where l = 0,±1,±2, ..., k is a constant and C is a constant. Thus, substituting the solution (15)
into the second order differential equation (15), we obtain the following radial equation:
d2
dρ2
Rs (ρ) +
1
ρ
d
dρ
Rs (ρ)−
ζ2s
ρ2
Rs (ρ)−m
2ω2ρ2Rs (ρ) + βsRs (ρ) = 0, (17)
where we have defined in (17) the parameters:
ζs = l +
1
2
(1− s) + s
φAC
2π
(18)
βs = E
2 −m2 − k2 + 2smωζs + 2mω.
In order to solve the radial equation (17), we make a change of variables given by τ = mω ρ2.
Thereby, the radial equation (17) becomes[
τ
d2
dτ2
+
d
dτ
+
(
βs
4mω
−
ζ2s
4τ
−
τ
4
)]
Rs (τ) = 0. (19)
We wish to get a solution for Eq. (19) regular at the origin, then, the solution for Eq. (19) can
be given in the form:
Rs (τ) = e
− τ
2 τ
|ζs|
2 Fs (τ) . (20)
In this way, substituting (20) into (19), we obtain
τ
d2Fs
dτ2
+ (|ζs|+ 1− τ)
dFs
dτ
+
(
βs
4mω
−
|ζs|
2
−
1
2
)
Fs = 0. (21)
Equation (21) corresponds to the Kummer equation or the confluent hypergeometric equation
[49]. The function Fs (τ) = 1F1
(
|ζs|
2 +
1
2 −
βs
4mω , |ζs|+ 1, τ
)
is the Kummer function or the con-
fluent hypergeometric function [49]. In order to obtain a finite solution everywhere, the confluent
hypergeometric series must become a polynomial of degree n [50], then, we must impose the pa-
rameter |ζs|2 +
1
2 −
βs
4mω to be equal to a non-positive integer number −n (n = 0, 1, 2, . . .). In this
way, by using the relations (18), we obtain
E2n = m
2 + k2 + 4mω
[
n+
|ζs|
2
− s
ζs
2
]
, (22)
where n = 0, 1, 2, . . .. Equation (22) is the relativistic energy levels of bound states for the Dirac
oscillator under the influence of the Aharonov-Casher effect in the Minkowski spacetime. We should
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note that the relativistic energy levels (22) depend on the Aharonov-Casher geometric phase φAC
with periodicity φ0 = ±2π, therefore, we have that En, l (φAC ± 2π) = En, l+1 (φAC).
Now, let us obtain the components of the Dirac spinor which are solutions of Eq. (11). First of
all, we must write the expression (16) in the form:
φs = C e
i
(
l+ 1
2
−σ
3
2
)
ϕ
eikz (mω)
|ζs|
2η e−mωρ
2
ρ
|ζs|
η
1F1
(
−n,
|ζs|
η
+ 1;mωρ2
)
, (23)
and substitute it into Eq. (14), with ξs = (ξ+ ξ−)
T . Thus, in order to obtain the positive-energy
solutions of the Dirac equation (11) corresponding to the parallel component to z axis of the
spacetime, we must take s = +1, and consider φ− = 0. In that way, the solution of the Dirac
equation (11) parallel to the z axis of the spacetime is
Ψ+ = f+ 1F1
(
−n, |ζ+|+ 1;
µλ
2
ρ2
)


1
0
k
(E+m)
i eiϕ
(E+m)
(
µλρ− |ζ+|ρ +
ζ+
ρ
)


(24)
+ f+
i eiϕ
(E +m)
nµλρ
(|ζ+|+ 1)
1F1
(
−n+ 1, |ζ+|+ 2;
µλ
2
ρ2
)


0
0
0
1


.
Next, the positive-energy solutions of the Dirac equation (11), corresponding to the anti-parallel
component to the z axis of the spacetime, is obtained when we choose s = −1 and φ+ = 0. In this
way, the solution of the Dirac equation (11) which is anti-parallel to the z axis is given by
Ψ− = f− 1F1
(
−n, |ζ−|+ 1;
µλ
2
ρ2
)


0
1
i e−iϕ
(E+m)
(
µλρ− |ζ−|ρ −
ζ−
ρ
)
− k(E+m)


(25)
+ f−
i e−iϕ
(E +m)
nµλρ
(|ζ−|+ 1)
1F1
(
−n+ 1, |ζ−|+ 2;
µλ
2
ρ2
)


0
0
1
0


,
where we have defined the parameters fs in (24) and (25) as
f± = fs = C e
−iEt ei(l+
1
2
− s
2)ϕ eikz
(
µλ
2
) |ζs|
2
e−
µλ
4
ρ2 ρ|ζs|. (26)
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Hence, the components of the Dirac spinor (24) and (25) correspond to the positive-energy
solutions of the Dirac equation (11). Moreover, we can also obtain the negative-energy solutions
of the Dirac equation (11) by applying the same procedure used to obtain Eqs. (24) and (25).
III. THE DIRAC OSCILLATOR AND THE RELATIVISTIC AHARONOV-CASHER SYS-
TEM IN THE COSMIC STRING SPACETIME
In this section, we discuss the influence of the Aharonov-Casher effect [13] and curvature effects
on the Dirac oscillator. This study is made by considering a topological defect background given
by the cosmic string spacetime. We begin this section by introducing the cosmic string spacetime
background and, by using the tetrad formalism discussed in the previous section, we solve the
Dirac equation that describes the interaction between the Dirac oscillator and the Aharonov-Casher
system [13] in the cosmic string spacetime.
The study of the influence of topological defects on physical systems has been emphasized in
several works [51–60]. Recently, relativistic [61, 62] and nonrelativistic [63–65] quantum dynamics
of spinless particles has been studied in in the presence of topological defects. The Landau quan-
tization has also been studied in the presence of a topological defect in the nonrelativistic case by
showing that the degeneracy of the Landau levels is broken due to the presence of the topological
defect [66–68]. Thus, the cosmic string spacetime is described by the following line element:
ds2 = −dt2 + dρ2 + η2ρ2dϕ2 + dz2. (27)
where the parameter η is related to the deficit angle, which is defined as η = 1 − 4̟G/c2 (̟
being the linear mass density of the cosmic string). The azimuthal angle is defined in the range
0 ≤ ϕ < 2π, while the parameter related to the deficit angle is defined in the range 0 < η < 1.
For all values where η > 1, the cosmic string spacetime is not defined anymore because this case
corresponds to a spacetime with negative curvature. Topological defects with negative curvature
does make sense only in the description of linear topological defects in crystalline solids [55, 56].
The geometry described by the line element (27) possesses a conical singularity [69] that gives rise
to the curvature concentrated on the cosmic string axis. This conical singularity is represented by
the curvature tensor:
Rρ,ϕρ,ϕ =
1− η
4η
δ2(~r), (28)
where δ2(~r) is the two-dimensional delta function. As we have discussed in the previous section,
in a background with non-null curvature, we can work with the spinor theory in curved spacetime
9
[45, 46] in order to incorporate spinors into the general relativity scenario. By following the steps
from Eq. (6) to Eq. (8), we can define the tetrads and the inverse of the tetrads for the metric
describing the cosmic string spacetime (27) as it follows [70]:
eaµ (x) =


1 0 0 0
0 cosϕ −ηρ sinϕ 0
0 sinϕ ηρ cosϕ 0
0 0 0 1


, eµa (x) =


1 0 0 0
0 cosϕ sinϕ 0
0 − sinϕηρ
cosϕ
ηρ 0
0 0 0 1


. (29)
By taking the tetrads (29) and solving the Cartan structure equations in the absence of torsion,
we obtain the following non-null components of the connection 1-form: ω 1ϕ 2 (x) = −ω
2
ϕ 1 (x) =
1 − η. Substituting ω 1ϕ 2 (x) = −ω
2
ϕ 1 (x) = (1− η) into the definition of the spinorial connection
Γµ (x), we obtain
Γϕ (x) =
i
2
(1− η) Σ3. (30)
Hence, the Dirac equation describing the interaction between the Dirac oscillator and the
Aharonov-Casher system in the cosmic string spacetime becomes
mΨ = iγt
∂Ψ
∂t
+ iγρ
[
∂
∂ρ
−
1
2
(1− η)
ηρ
+mωργ0
]
Ψ+ i
γϕ
ηρ
∂Ψ
∂ϕ
+ iγz
∂Ψ
∂z
(31)
+ iµ~α · ~EΨ− µ~Σ · ~BΨ.
By considering a linear distribution of electric charges on the z axis, it has been shown in Ref.
[58] that the topology of the cosmic string changes the electric field resulting in ~E = ληρ ρˆ. Based
on this result, the influence of the topology of the cosmic string on the Aharonov-Casher effect [13]
has been studied in [19]. In that way, the Dirac equation describing the interaction between the
Dirac oscillator and the relativistic Aharonov-Casher system in the cosmic string spacetime is
mΨ = iγt
∂Ψ
∂t
+ iγρ
[
∂
∂ρ
−
1
2
(1− η)
ηρ
−
φAC
2πηρ
γ0 +mωργ0
]
Ψ+ i
γϕ
ηρ
∂Ψ
∂ϕ
+ iγz
∂Ψ
∂z
, (32)
where we have used the tetrads (29), and defined the γµ matrices in Eqs. (31) and (32) in the form
[19]:
γt = γ0
γρ = cosϕγ1 + sinϕγ2
(33)
γϕ = − sinϕγ1 + cosϕγ2
γz = γ3.
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The solution of the Dirac equation (32) is given in the same form as given in (12). Substituting
(12) into (32), we also obtain two coupled equations for φ and ξ, where the first coupled equation
is
(E −m)φ = −iσρ
[
∂
∂ρ
−
1
2
(1− η)
ηρ
+
φAC
2πηρ
−mωρ
]
ξ − i
σϕ
ηρ
∂ξ
∂ϕ
− iσz
∂ξ
∂z
, (34)
while the second coupled equation is
(E +m) ξ = −iσρ
[
∂
∂ρ
−
1
2
(1− η)
ηρ
−
φAC
2πηρ
+mωρ
]
φ− i
σϕ
ηρ
∂φ
∂ϕ
− iσz
∂φ
∂z
(35)
where we have defined the ~σ matrices in (34) and (35) as
σρ = cosϕσ1 + sinϕσ2 ; σϕ = − sinϕσ1 + cosϕσ2 ; σz = σ3. (36)
Eliminating ξ in Eqs. (36) and (35) and by considering the dipole moment of the neutral particle
being parallel to the z axis of the spacetime, we have
(
E2 −m2
)
φ = −
∂2φ
∂ρ2
−
1
ρ
∂φ
∂ρ
−
1
η2ρ2
∂2φ
∂ϕ
−
∂2φ
∂z2
− iσ3
(1− η)
η2ρ2
∂φ
∂ϕ
− 2iσ3
φAC
2πη2ρ2
∂φ
∂ϕ
+
1
4
(1− η)2
η2ρ2
φ− 2iσ3
mω
η
∂φ
∂ϕ
+
mω
η
φ (37)
+
φAC
2π
(1− η)
η2ρ2
φ+
(
φAC
2πηρ
)2
φ+ 2
mω φAC
2πη
φ+mωφ+m2ω2ρ2φ.
We can also see in Eq. (37) that φ is an eigenfunction of the Pauli matrix σ3, whose eigenvalues
are s = ±1, that is, σ3φs = sφs, where φs = (φ+ φ−)
T . We also note that the z-component of
the total angular momentum can also be written in the form: Jˆz = −i∂ϕ +
σ3
2 [71]. Besides, we
can also see that both operators Jˆz and pˆz = −i∂z commute with the Hamiltonian of the equation
(37). In that way, we can write the solutions of the equation (37) in the terms of the eigenvalues
of the operators pˆz = −i∂z, and Jˆz = −i∂ϕ, that is,
φs (ρ, ϕ, z) = C e
i
(
l+ 1
2
−σ
3
2
)
ϕ
eikz Rs (ρ) (38)
where l = 0,±1,±2, ..., k is a constant and C is a constant. Substituting the solution (38) into
(37), we obtain the following radial equation:
d2
dρ2
Rs (ρ) +
1
ρ
d
dρ
Rs (ρ)−
ζ˜2s
η2ρ2
Rs (ρ)−m
2ω2ρ2Rs (ρ) + βsRs (ρ) = 0, (39)
where we have defined in (38) the parameters:
ζ˜s = l +
1
2
(1− s) + s
φAC
2π
+
s
2
(1− η)
(40)
β˜s = E
2 −m2 − k2 − 2s
mω
η
ζ˜s + 2mω.
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Therefore, in order to solve the radial equation (39), we make a change of variables τ = mω ρ2
and rewrite Eq. (39) in the form:[
τ
d2
dτ2
+
d
dτ
+
(
β˜s
4mω
−
ζ˜2s
4η2τ
−
τ
4
)]
Rs (τ) = 0. (41)
As discussed in the previous section, we need a solution regular at the origin, then, the solution
for Eq. (41) has the following form:
Rs (τ) = e
− τ
2 τ
|ζ˜s|
2η Fs (τ) . (42)
In this way, substituting (42) into (41), we obtain the following second order differential equation:
τ
d2Fs
dτ2
+


∣∣∣ζ˜s∣∣∣
η
+ 1− τ

 dFs
dτ
+

 β˜s
4mω
−
∣∣∣ζ˜s∣∣∣
2η
−
1
2

Fs = 0, (43)
which corresponds to the Kummer equation or confluent hypergeometric equation [49]. We also
have that the function Fs (τ) = 1F1
(
|ζ˜s|
2η +
1
2 −
β˜s
4mω ,
|ζ˜s|
η + 1; τ
)
corresponds to the Kummer
function of first kind [49]. Therefore, in order to obtain a finite solution at each region of the
spacetime, we impose the condition where the parameter
|ζ˜s|
2η +
1
2 −
β˜s
4mω is equal to a non-positive
number. Hence, by taking
|ζ˜s|
2η +
1
2 −
β˜s
4mω = −n, where n = 0, 1, 2, . . ., we obtain
E2n = m
2 + k2 + 4mω

n+
∣∣∣ζ˜s∣∣∣
2η
− s
ζ˜s
2η

 , (44)
which are the relativistic energy levels for bound states for a Dirac oscillator under the influence of
the Aharonov-Casher effect in the cosmic string spacetime. Again, we can note that the relativistic
energy levels depend on the Aharonov-Casher geometric phase φAC. However, comparing with the
results obtained in the previous section (22), we can see that the curvature of the conical surface
breaks the degeneracy of the relativistic energy levels of the Dirac oscillator under the influence of
the Aharonov-Casher effect in the same way of the breaking of the degeneracy of the relativistic
Landau quantization for a scalar quantum particle [72] and for neutral particles [70].
Observe that the presence of the Aharonov-Casher geometric phase φAC in the relativistic energy
levels (44) shows that the relativistic spectrum of energy has a periodicity φ0 = ±2π, then, we have
that En, l (φAC ± 2π) = En, l+1 (φAC). In contrast to the result obtained in Eq. (22), the effects of
curvature on the relativistic energy levels (44) change the pattern of oscillations of the spectrum
of energy. However, by taking the limit η → 1, we can observe that we recover all results given in
the Minkowski spacetime obtained in the previous section.
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Now, by following the steps from Eq. (23) to Eq. (26), we can obtain the components of
the Dirac spinor that are parallel and anti-parallel to the z axis. First of all, we must write the
expression (38) in the form
φs = C e
i
(
l+ 1
2
−σ
3
2
)
ϕ
eikz (mω)
|ζ˜s|
2η e−mωρ
2
ρ
|ζ˜s|
η 1F1

−n,
∣∣∣ζ˜s∣∣∣
η
+ 1;mωρ2

 . (45)
In this way, the component of the positive-energy solution of the Dirac equation (32) which is
parallel to the z-axis is
Ψ+ = g+ 1F1

−n,
∣∣∣ζ˜+∣∣∣
η
+ 1;
µλ
2
ρ2




1
0
k
(E+m)
i eiϕ
(E+m)
(
µλρ−
|ζ˜+|
ηρ +
ζ˜+
ηρ
)


(46)
+ g+
i eiϕ
(E +m)
nµλρ(
|ζ˜+|
η + 1
) 1F1

−n+ 1,
∣∣∣ζ˜+∣∣∣
η
+ 2;
µλ
2
ρ2




0
0
0
1


,
and, the component of positive-energy solution of the Dirac equation (32) which is anti-parallel to
the z axis is
Ψ− = g− 1F1

−n,
∣∣∣ζ˜−∣∣∣
η
+ 1;
µλ
2
ρ2




0
1
i e−iϕ
(E+m)
(
µλρ−
|ζ˜−|
ηρ −
ζ˜−
ηρ
)
− k(E+m)


(47)
+ g−
i e−iϕ
(E +m)
nµλρ(
|ζ˜−|
η + 1
) 1F1

−n+ 1,
∣∣∣ζ˜−∣∣∣
η
+ 2;
µλ
2
ρ2




0
0
1
0


,
where we have defined the parameter g± = gs in (46) and (47) as
gs = C e
−iEt ei(l+
1
2
− s
2)ϕ eikz
(
µλ
2
) |ζ˜s|
2η
e−
µλ
4
ρ2 ρ|ζ˜s|. (48)
Hence, we have obtained in Eqs. (46) and (47) the components of positive-energy solutions of
the Dirac equation (32). Negative-energy solutions of the Dirac equation (32) can also be obtained
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by applying the same procedure used to obtain Eqs. (46) and (47) as we have discussed in this
section, and in the previous section.
IV. THE DIRAC OSCILLATOR AND THE RELATIVISTIC AHARONOV-CASHER SYS-
TEM IN THE COSMIC DISLOCATION SPACETIME
In this section, we consider a spacetime background with the presence of torsion and curvature.
Hence, we study the influence of the relativistic Aharonov-Casher system [13] on the Dirac oscillator
in the cosmic dislocation background. The cosmic dislocation background is described by the
following line element:
ds2 = −dt2 + dρ2 + η2ρ2dϕ2 + (dz + χdϕ)2 . (49)
The parameter χ is related to the torsion of the defect or, by using the crystallography language,
the parameter χ is related to the Burgers vector. The parameter η is related to the deficit angle as
we have shown in the previous section. In the same way of the cosmic string spacetime, the cosmic
dislocation spacetime has a non-null curvature tensor that gives rise to the conical singularity [69].
The curvature tensor of the cosmic dislocation spacetime is equal to the cosmic string curvature
tensor given in (28).
In the presence of torsion and curvature, it is also convenient to work the Dirac equation by
using the spinor theory in curved spacetime [45, 46]. By following the steps from Eq. (6) to Eq.
(9), we can define the local reference frame of the observers for the metric (49) in the form [20]:
eaµ (x) =


1 0 0 0
0 cosϕ −ηρ sinϕ 0
0 sinϕ ηρ cosϕ 0
0 0 χ 1


, eµa (x) =


1 0 0 0
0 cosϕ sinϕ 0
0 − sinϕηρ
cosϕ
ηρ 0
0 χηρ sinϕ −
χ
ηρ cosϕ 1


. (50)
From now on, we need to solve the Cartan structure equations in the presence of torsion
[47]: T a = dθˆa + ωab θˆ
b, where T a = T aµν (x) dx
µ dxν corresponds to torsion 2-forms and
ωab = ω
a
µ b (x) dx
µ, with ω aµ b (x) being the connection 1-form as we have discussed in the previous
section. By solving the Cartan structure equation for the tetrads given in (50), we have
T 3 = 2πχ δ (ρ) δ (ϕ) dϕ ∧ dρ ; ω 1ϕ 2 (x) = −ω
2
ϕ 1 (x) = 1− η, (51)
where we can see the presence of a non-null component of the torsion 2-forms. From the spinor the-
ory in curved space [46], the presence of torsion in the spacetime results in the following expression
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for the components of the covariant derivative of a spinor [73]:
∇¯µ = ∂µ + Γµ (x) +Kµ (x) , (52)
where Γµ (x) =
i
4 ωµab (x) Σ
ab is the spinorial connection discussed previously [45, 47] and Kµ (x) =
i
4Kµab (x) Σ
ab. The connection 1-form Kµab (x) is related to the contortion tensor by [73]:
Kµab (x) = Kβνµ
[
eνa (x) e
β
b (x)− e
ν
b (x) e
β
a (x)
]
. (53)
By following the definitions of Ref. [73], the contortion tensor is related to the torsion tensor
via Kβνµ =
1
2
(
T βνµ − T
β
ν µ − T
β
µ ν
)
, where we have that the torsion tensor is antisymmetric in the
last two indices, while the contortion tensor is antisymmetric in the first two indices. Moreover, it
is usually convenient to write the torsion tensor into three irreducible components: the trace vector
T¯µ = T
β
µβ , the axial vector S
α = ǫαβνµ Tβνµ and the tensor qβνµ, which satisfies the conditions
qβµβ = 0 and ǫ
αβνµ qβνµ = 0. Thus, the torsion tensor becomes
Tβνµ =
1
3
(
T¯ν gβµ − T¯µ gβν
)
−
1
6
ǫβνµγ S
γ + qβνµ. (54)
As it has been shown in Ref. [73], the trace vector T¯µ and the tensor qβνµ decouples with
fermions, then, by introducing the nonminimal coupling (8) into the Dirac equation (where the
components of the covariant derivative is given by (52)), the Dirac equation that describes the
interaction between the Dirac oscillator and the relativistic Aharonov-Casher system in the cosmic
dislocation spacetime is given by
mΨ = iγt
∂Ψ
∂t
+ iγρ
[
∂
∂ρ
−
1
2
(1− η)
ηρ
+mωργ0
]
Ψ+ i
γϕ
ηρ
[
∂
∂ϕ
− χ
∂
∂z
]
Ψ+ iγz
∂Ψ
∂z
(55)
+
1
8
S0γtγ5Ψ−
1
8
~Σ · ~SΨ+ µ ~α · ~EΨ− µ ~Σ · ~BΨ,
where we have used the tetrads (50), and the results of (51) to obtain Γϕ (x) =
i
2 (1− η) Σ
3. We
have also defined the γµ matrices in (55) in the same way of (33). From the definition of the
the axial vector Sα given above, and from the results (51), one can check that the only non-null
component of the axial vector is S0 = −4piχηρ δ (ρ) δ (ϕ) [20]. Moreover, it has been shown in Ref.
[59] that the electromagnetic field can be modified by the presence of torsion. However, for a
radial electric field ~E = ληρ ρˆ, there is no influence of the torsion described by the line element (49)
[20, 59]. Thus, we can write the Dirac equation (55) in the form:
mΨ = iγt
∂Ψ
∂t
+ iγρ
[
∂
∂ρ
−
1
2
(1− η)
ηρ
−
µλ
ηρ
γ0 +mωργ0
]
Ψ+ i
γϕ
ηρ
[
∂
∂ϕ
− χ
∂
∂z
]
Ψ+ iγz
∂Ψ
∂z
. (56)
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By taking the solution for the Dirac equation (56) in the same form of Eq. (12), and by following
the steps from Eq. (34) to Eq. (44), we obtain
E2n = m
2 + k2 + 4mω
[
n+
∣∣ζ¯s∣∣
2η
− s
ζ¯s
2η
]
, (57)
where n = 0, 1, 2, . . ., k is a constant, l = 0,±1,±2, . . . and
ζ¯s = l +
1
2
(1− s) +
s
2
(1− η)− χk + s
φAC
2π
. (58)
Equation (57) corresponds to the relativistic energy levels for the Dirac oscillator under the
influence of the Aharonov-Casher effect in the cosmic dislocation spacetime. We can see in Eq.
(57) that both torsion and curvature breaks the degeneracy of the relativistic energy levels obtained
in (22) as discussed in the previous section. Observe that, by taking the limit η → 1, we have only
the influence of torsion on the relativistic energy levels (57), which is given by
E2n = m
2 + k2 + 4mω

n+
∣∣∣l + 12 (1− s)− χk + sφAC2pi ∣∣∣
2
− s
(
l + 12 (1− s)− χk + s
φAC
2pi
)
2

 . (59)
We can also note that, by taking the limit η → 1 and χ = 0, we recover the relativistic energy
levels in the Minkowski spacetime given in (22).
We can also see that the relativistic spectrum of energy (57) is a periodic function of the
Aharonov-Casher geometric phase, with periodicity φ0 = ±2π. Thereby, we also have that
En, l (φAC ± 2π) = En, l+1 (φAC). In this case, we have that the effect of both torsion and cur-
vature on the relativistic energy levels (59) change the pattern of oscillations of the spectrum of
energy. Besides, by taking the limit η → 1 and χ = 0, we recover the result in Minkowski spacetime
given in (22).
Finally, following the steps from Eq. (23) to Eq. (26), we can obtain the components of the
Dirac spinor that are parallel and anti-parallel to the z axis of the cosmic dislocation spacetime.
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Thus, the parallel component to the z axis of the Dirac spinor for positive-energy solutions is
Ψ+ = h+ 1F1
(
−n,
∣∣ζ¯+∣∣
η
+ 1;
µλ
2
ρ2
)


1
0
k
(E+m)
i eiϕ
(E+m)
(
µλρ−
|ζ¯+|
ηρ +
ζ¯+
ηρ
)


(60)
+ h+
i eiϕ
(E +m)
nµλρ(
|ζ¯+|
η + 1
) 1F1
(
−n+ 1,
∣∣ζ¯+∣∣
η
+ 2;
µλ
2
ρ2
)


0
0
0
1


,
while the anti-parallel component to the z axis of the cosmic dislocation of the Dirac spinor for
positive-energy solutions is
Ψ− = h− 1F1
(
−n,
∣∣ζ¯−∣∣
η
+ 1;
µλ
2
ρ2
)


0
1
i e−iϕ
(E+m)
(
µλρ−
|ζ¯−|
ηρ −
ζ¯−
ηρ
)
− k(E+m)


(61)
+ h−
i e−iϕ
(E +m)
nµλρ(
|ζ¯−|
η + 1
) 1F1
(
−n+ 1,
∣∣ζ¯−∣∣
η
+ 2;
µλ
2
ρ2
)


0
0
1
0


,
where we have defined the parameter h± = hs in (60) and (61) as
hs = C e
−iEt ei(l+
1
2
− s
2)ϕ eikz
(
µλ
2
) |ζ¯s|
2η
e−
µλ
4
ρ2 ρ|ζ¯s|, (62)
where ζ¯s = l +
s
2 (1− η) +
1
2 (1− s)− χk + s
φAC
2pi . As discussed in the previous sections, Negative-
energy solutions of the Dirac equation (56) can also be obtained by applying the same procedure
used to obtain Eqs. (60) and (61).
V. APPLICATIONS AND DISCUSSION
In this section, we discuss some applications of the results obtained in the previous sections.
We have obtained a spectrum of energy of the Dirac oscillator in the presence of Aharonov-Casher
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coupling in three distinct spacetime background. We observe that the potential confines the particle
and the spectrum exhibit a dependence in the Aharonov-Casher geometric phase similar to that
obtained for the energy spectrum of quantum dots in the presence of a Aharonov-Bohm flux [1].
In quantum dots, for instance quantum dots described by a parabolic confining potential [74], a
physical quantity arises from the presence of a Aharonov-Bohm flux in this system: the persistent
current. Persistent currents are obtained by using the Byers-Yang relation [9]. In the present case,
we can obtain a similar persistent current by considering the Dirac oscillator playing the role of
the confining potential analogous to a parabolic confining potential which describes a quantum dot
potential. In the following, in order to obtain persistent currents that arise from the dependence of
the Aharonov-Casher geometric phase studied previously, we write the Byers-Yang relation [9, 10]
in the form:
I = −
∑
n, l
∂En, l
∂φAC
. (63)
Studies of the arising of persistent currents in quantum rings from the dependence of the energy
levels on the Berry phase [75] and Aharonov-Anandan quantum phase [76] have been made in
Ref. [11]. Moreover, persistent currents have been studied from dependence of the energy levels
of the bound states on the Aharonov-Casher geometric phase in Refs. [10, 12], which are called
persistent spin currents. In the following, we calculate the persistent spin currents which arises
from the dependence of the relativistic energy levels of the Dirac oscillator on the Aharonov-Casher
geometric phase obtained in the previous sections.
A. Minkowski spacetime case
We have seen in (22) that the relativistic energy levels of the Dirac oscillator depend on the
Aharonov-Casher geometric phase [13]. Hence, from the dependence of the relativistic energy levels
(22) on the Aharonov-Casher geometric phase, we have the arising of persistent spin currents [9, 10]
given by
I = −
∑
n, l
∂En, l
∂φAC
= −
mω
2π
∑
n, l
(
s ζs|ζs| − 1
)
[
m2 + k2 + 4mω
(
n+ |ζs|2 −
ζs
2
)]−1/2 . (64)
Note that the expression of the persistent currents (64) is a periodic function of the Aharonov-
Casher geometric phase φAC.
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B. Cosmic string spacetime
From the dependence of the energy levels (44) on the Aharonov-Casher geometric phase φAC,
we also have the arising of persistent spin currents [9] given by
I = −
∑
n, l
∂En, l
∂φAC
= −
mω
2π
∑
n, l
(
s ζ˜s
|ζ˜s|
− 1
)
[
m2 + k2 + 4mω
(
n+
|ζ˜s|
2η −
ζ˜s
2η
)]−1/2 . (65)
By comparing (65) with the results of the previous section given in (64), we have that the
curvature of the conical surface changes the pattern of oscillations of the persistent currents which
agrees with Ref. [77]. Furthermore, by taking the limit η → 1, we can observe that we recover all
results obtained in the Minkowski spacetime obtained in the previous section.
C. Cosmic dislocation spacetime
Again, we have that the dependence of the relativistic energy levels (57) on the geometric
quantum phase φAC gives rise to the arising of persistent spin currents [9], which are given by
I = −
∑
n, l
∂En, l
∂φAC
= −
mω
2π
∑
n, l
(
s ζ¯s
|ζ¯s|
− 1
)
[
m2 + k2 + 4mω
(
n+
|ζ¯s|
2η −
ζ¯s
2η
)]−1/2 (66)
We can observe in Eq. (66) that the pattern of oscillations of the persistent currents changes
in contrast to the previous results obtained in Eqs. (64) and (65). In this case, both torsion and
curvature effects change the pattern of oscillations of the persistent spin currents. Note, by taking
χ = 0, we recover the result obtained in Eq. (65). Besides, by taking the limit η → 1 and χ = 0,
we recover the result in Minkowski spacetime given in (64).
VI. CONCLUSIONS
We have discussed the influence of the Aharonov-Casher effect [13] on the Dirac oscillator [22]
in three different scenarios of general relativity. By using the mathematical formulation of the
spinor theory in curved space [46], we have shown that we can solve the Dirac equation for the
Dirac oscillator under the influence of the Aharonov-Casher effect. We have found the eigenvalues
e eigenfunctions for the Dirac oscillator in three different scenarios: in the Minkowski spacetime,
the cosmic string spacetime and the cosmic dislocation. As it was already noted in Ref. [43], the
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behaviour of the Dirac oscillator in the presence of the same topological defects considered here and
the Aharonov-Bohm flux is characterized by energy levels that depend on the parameters related
to the topological defects. Thus, we have shown that in all cases that the relativistic energy levels
of bound states depend on the Aharonov-Casher geometric phase. We have also seen that both
curvature and torsion break the degeneracy of the relativistic energy levels in the same way of the
breaking of the degeneracy of the relativistic Landau levels given in Refs. [70, 72]. We have also
studied an application of each system investigated here which consists in a relativistic quantum
dot for neutral particles, where we consider the Aharonov-Casher coupling in the presence of a
confining potential represented by Dirac oscillator. We have calculated the persistent currents in
all cases investigated in this contribution and obtained that the persistent currents are periodic
functions of the Aharonov-Casher geometric phase. In this way, we can suggest that this model
is a relativistic generalization of the Aharonov-Casher quantum dot. It worth mentioning that
the study of the Dirac oscillator in the presence of topological defects serve as a basis for future
investigations of the Jaynes-Cummings model in the presence of a topological defect.
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